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Exponentially Many Hypergraph Colourings
Ian M. Wanless David R. Wood
Abstract
The Lovász Local Lemma is a powerful probabilistic techniques for prov-
ing the existence of combinatorial objects. It is especially useful for colouring
graphs and hypergraphs with bounded maximum degree. This paper presents
an alternative approach for proving such colouring results that matches and
sometimes improves upon the bounds obtained using the Lovász Local Lemma.
Moreover, the method shows that there are exponentially many colourings. The
method is elementary and self-contained. We show this approach is applicable
for hypergraph colouring, graph colouring, star colouring, nonrepetitive colour-
ing, frugal colouring, Ramsey number lower bounds, and for k-SAT.
1 Hypergraph Colouring
In their seminal 1975 paper, Erdős and Lovász [12] introduced what is now called the
Lovász Local Lemma. This tool is one of the most powerful probabilistic techniques
for proving the existence of combinatorial objects. Their motivation was hypergraph
colouring. A colouring of a hypergraph G is a function that assigns a ‘colour’ to
each vertex of G. A colouring of G is proper if no edge of G is monochromatic. The
chromatic number χ(G) is the minimum number of colours in a proper colouring
of G. The degree of a vertex v in a hypergraph G is the number of edges that
contain v. A hypergraph is r-uniform if each edge has size r. Erdős and Lovász [12]
proved (using the Local Lemma) that χ(G) 6 ⌈(4r∆)1/(r−1)⌉ for every r-uniform
hypergraph G with maximum degree ∆. The following result is a consequence of
the strengthened Lovász Local Lemma first stated by Spencer [34]; see the book by
Molloy and Reed [25] for a comprehensive treatment.
Theorem 1 ([12, 34]). For every r-uniform hypergraph G with maximum degree ∆,
χ(G) 6 ⌊(e(r(∆ − 1) + 1))1/(r−1)⌋+ 1.
This paper presents a general theorem for colouring hypergraphs, which in the spe-
cial case of proper hypergraph colouring, (slightly) improves the upper bound in
Theorem 1 and, more interestingly, shows that there are exponentially many such
colourings. The proof uses no probability, and is inspired by a recent result for non-
repetitive colourings by Rosenfeld [32], which in turn is inspired by the power series
method for pattern avoidance [6, 27, 28]. See [9, 10, 21, 23, 35, 36] for other theorems
showing the existence of exponentially many colourings.
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It is well known that the proof of Theorem 1 works in the setting of list colourings,
which we now introduce. Let G be a hypergraph. A list-assignment for G is a
function L that assigns each vertex v of G a set L(v), whose elements are called
colours. If |L(v)| = c for each vertex v of G, then L is a c-list-assignment. An
L-colouring of G is a function φ such that φ(v) ∈ L(v) for each vertex v of G. The
choosability χch(G) is the minimum integer c such that G has a proper L-colouring
for every c-list-assignment L of G. For a list assignment L of a hypergraph G, let
P (G,L) be the number of proper L-colourings of G.
The following theorem is our first contribution.
Theorem 2. For all integers r > 3 and ∆ > 1, and for every r-uniform hypergraph
G with maximum degree ∆,
χch(G) 6 c :=
⌈(r − 1
r − 2
)(
(r − 2)∆)1/(r−1)⌉.
Moreover, for every c-list assignment L of G,
P (G,L) > ((r − 2)∆)|V (G)|/(r−1).
We now compare the above-mentioned bounds. Since ( r−1r−2)
r−2 < e, it follows that(
r−1
r−2
)(
(r− 2)∆)1/(r−1) < (e(r− 1)∆)1/(r−1), and assuming ∆ > r− 1, the bound in
Theorem 2 is slightly better than the bound in Theorem 1. The difference is most
evident for small r. For example, if r = 3 then the bound in Theorem 2 is ⌈2√∆⌉
compared with ⌊√e(3∆ − 2)⌋+ 1 from Theorem 1.
2 General Framework
Theorem 2 is a special case of a more general result that we now introduce.
For a hypergraph G, let CG be the set of all colourings φ : V (G) → Z. (For concrete-
ness, we assume all colours are integers.) For an edge e of G, let Ce be the set of all
colourings φ : e → Z. An instance is a pair (G,B) where G is a hypergraph and
B = (Be ⊆ Ce : e ∈ E(G)). A colouring φ ∈ CG is B-bad if, for some edge e ∈ E(G),
we have φ restricted to e is in Be. Every other colouring in CG is B-good. For an
integer c > 1, we say G is (B, c)-choosable if there is a B-good L-colouring of G for
every c-list assignment L of G. For a list assignment L of G, let P (G,B, L) be the
number of B-good L-colourings of G.
Fix an instance (G,B) and consider an edge e of G. A subset S ⊆ e determines Be
if any two colourings in Be that agree on S are identical. Consider a vertex v in e.
Say (v, e) is extroverted (with respect to B) if Be is determined by some subset of
e \ {v}, in which case, define the weight of (v, e) to be |e| − 1 − |S| where S is a
minimum-sized subset of e \ {v} that determines Be. Otherwise (v, e) is introverted,
in which case, define the weight of (v, e) to be |e| − |S| where S is a minimum-sized
subset of e that determines Be. This is well-defined since e determines Be.
For each vertex v of G, let Ek(v) be the number of extroverted pairs (v, e) with
weight k, and let Ik(v) be the number of introverted pairs (v, e) with weight k.
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For example, to model proper colouring in an r-uniform hypergraph G, for each edge
e of G, let Be be the monochromatic colourings in Ce. Then a colouring is B-good if
and only if it is proper. For every edge e and every vertex v in e, if w is any vertex in
e \ {v}, then {w} determines Be, implying that (v, e) is extroverted and has weight
r − 2.
Theorem 3. Let (G,B) be an instance. Assume there exist a real number β > 1 and
an integer c > 1 such that for every vertex v of G,
c > β +
∑
k>0
β−k
(
Ek(v) + cIk(v)
)
. (1)
Then G is (B, c)-choosable. Moreover, for every c-list assignment L of G,
P (G,B, L) > β|V (G)|.
Before proving Theorem 3 we make a couple of minor observations. If β > 1 then
Theorem 3 guarantees exponentially many B-good colourings. If β = 1 then The-
orem 3 guarantees at least one B-good colouring. In most applications β > 1, but
on one occasion the case β = 1 is of interest (see Section 3.1). When applying The-
orem 3 it is not necessary to determine the weight of a pair exactly; it suffices to
determine a lower bound on the weight (because of the β−k term in (1) and since
β > 1).
Theorem 3 is an immediate corollary of the following lemma. If (G,B) is an instance
with B = (Be : e ∈ E(G)), and H is a sub-hypergraph of G, then (H,B) refers to
the instance
(
H, (Be : e ∈ E(H))
)
. Similarly, if L is a list-assignment for G, then we
consider L (restricted to V (H)) to be a list-assignment for H.
Lemma 4. Let (G,B) be an instance. Assume there exist a real number β > 1 and
an integer c > 1 such that for every vertex v of G,
c > β +
∑
k>0
β−k
(
Ek(v) + c Ik(v)
)
. (2)
Then for every c-list assignment L of G, for every induced sub-hypergraph H of G,
and for every vertex v of H,
P (H,B, L) > β P (H − v,B, L).
Proof. We proceed by induction on |V (H)|. The base case with |V (H)| = 1 is trivial.
Let H be an induced sub-hypergraph of G, and assume the claim for all induced
sub-hypergraphs of G with less than |V (H)| vertices. Let v be any vertex of H. Let
X be the set of B-bad L-colourings of H that are B-good on H − v. Then
P (H,B, L) = c P (H − v,B, L) − |X|. (3)
We now find an upper-bound for |X|. For each L-colouring φ in X we can find an
edge e ∈ E(G) containing v such that φ ∈ Be (if there are several options for e, fix a
choice arbitrarily). Charge φ to (v, e). Let Yk be the set of colourings in X that are
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charged to an extroverted pair with weight k. Let Zk be the set of colourings in X
that are charged to an introverted pair with weight k. Thus
|X| =
∑
k>0
(|Yk|+ |Zk|). (4)
Consider φ in Yk charged to (v, e). Let S be a minimum-sized subset of e \ {v} that
determines Be. Let T := e \ S. Then |T | = k + 1 and v ∈ T . Since φ is B-good on
H − v, we know that φ is also B-good on H −T . Since S determines Be, the number
of L-colourings in Yk charged to (v, e) is at most P (H − T,B, L). By induction,
P (H − v,B, L) > βk P (H − T,B, L).
Thus the number of L-colourings in Yk charged to (v, e) is at most β
−k P (H−v,B, L).
Hence
|Yk| 6 Ek(v)β−k P (H − v,B, L). (5)
Now consider φ in Zk charged to (v, e). Let S be a minimum-sized subset of e that
determines Be. Then v ∈ S, as otherwise (v, e) would be extroverted. Let T := e \S.
Then |T | = k. Since φ is B-good on H − v, we know that φ is also B-good on
H − (T ∪ {v}). Since S determines Be, the number of L-colourings in Yk charged to
(v, e) is at most
P (H − T,B, L) 6 c P (H − (T ∪ {v}),B, L) 6 cβ−k P (H − v,B, L),
where the final inequality follows by induction. Hence
|Zk| 6 Ik(v) cβ−k P (H − v,B, L). (6)
By (4), (5) and (6),
|X| =
∑
k>0
(|Yk|+ |Zk|) 6 P (H − v,B, L)
∑
k>0
(
Ek(v)β
−k + Ik(v) cβ
−k
)
.
By (3),
P (H,B, L) > c P (H − v,B, L) − P (H − v,B, L)
∑
k>0
(
Ek(v)β
−k + Ik(v) cβ
−k
)
.
By (2), P (H,B, L) > β P (H − v,B, L), as desired.
3 Examples
We now show that for various types of colourings, Theorem 3 either provides or
matches the best known bounds on the number of colours (as a function of maximum
degree), and in addition shows that there are exponentially many colourings. Our
final application will be to k-SAT, where our method shows that exponentially many
satisfying assignments exist up to a point just short of the state-of-the-art bound. For
all but one of these examples, each pair (v, e) is extroverted, in which case Ik(v) = 0
and the proof of Theorem 3 is slightly simplified.
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3.1 Proper Colouring
First we prove Theorem 2. Let G be an r-uniform hypergraph with maximum degree
∆ where r > 3. For each edge e of G, let Be be the monochromatic colourings
in Ce; then a colouring is B-good if and only if it is proper. Each pair (v, e) is
extroverted with weight r − 2, and Er−2(v) 6 ∆. Observe that (1) holds with
β :=
(
(r − 2)∆)1/(r−1) and c := ⌈( r−1r−2)((r − 2)∆)1/(r−1)⌉. Theorem 2 then follows
from Theorem 3.
Now consider proper colouring in a graph with maximum degree ∆ (the case r = 2
in the above). Then every pair (v, e) is extroverted with weight 0, and E0(v) 6 ∆.
Thus c := ⌈∆+β⌉ satisfies (1). Theorem 3 with β = 1 says that every graph G with
maximum degree ∆ is (∆+ 1)-choosable. Theorem 3 with β > 2 says that for every
(∆ + β)-list assignment L of G there are at least β|V (G)| L-colourings. These well-
known facts are easily proved by a greedy algorithm. It is interesting that the above
general framework includes such statements (the Lovász Local Lemma does not).
Note that the Local Action Lemma of Bernshteyn [3] is another general-purpose tool
that implies (∆ + 1)-colourability; also see [4].
See [30, 31] for results about the number of 2-colourings in random hypergraphs and
about the number of k-colourings in random graphs.
3.2 Star Colouring
A colouring φ of a graph G is a star colouring if it is proper and every bichromatic
subgraph is a star forest; that is, there is no 2-coloured P4 (path on four vertices). The
star chromatic number χst(G) is the minimum number of colours in a star colouring
of G. Fertin, Raspaud, and Reed [14] proved (using the Lovász Local Lemma) that
χst(G) 6 O(∆
3/2) for every graph G with maximum degree ∆, and that this bound
is tight up to a O(log∆) factor. The best known bound is χst(G) 6
√
8∆3/2 + ∆
proved by Esperet and Parreau [13] using entropy compression. Both these methods
work for star choosability. We prove the same bound holds with exponentially many
colourings.
Theorem 5. Every graph G with maximum degree ∆ is star ⌈∆ + √8∆(∆ − 1)⌉-
choosable. Moreover, for every ⌈∆ + √8∆(∆ − 1)⌉-list assignment L, there are at
least (
√
2∆(∆− 1))|V (G)| star L-colourings of G.
Proof. Define the following hypergraph G′ with V (G′) = V (G). Introduce one edge
e = {v,w} to G′ for each edge vw of G, where Be = {φ ∈ CG′ : φ(v) = φ(w)},
and introduce one edge e = {u, v, w, x} to G′ for each P4 subgraph (u, v, w, x) of
G, where Be = {φ ∈ CG′ : φ(u) = φ(w), φ(v) = φ(x)}. For any list assignment
L of G, note that G is star L-colourable if and only if P (G′,B, L) > 1. Also, the
weight of each 2-element edge is 0, and the weight of each 4-element edge is 1. Thus
E0(v) 6 ∆ and E1(v) 6 2∆(∆ − 1)2. Since (1) is satisfied with β :=
√
2∆(∆ − 1)
and c := ⌈∆+√8∆(∆− 1)⌉, the result follows from Theorem 3.
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3.3 Nonrepetitive Graph Colouring
Let φ be a colouring of a graph G. A path (v1, . . . , v2t) in G is repetitively coloured by
φ if φ(vi) = φ(vt+i) for each i ∈ {1, . . . , t}. A colouring φ of G is nonrepetitive if no
path in G is repetitively coloured by φ. The nonrepetitive chromatic number π(G) is
the minimum number of colours in a nonrepetitive colouring of G. The nonrepetitive
choice number πch(G) is the minimum integer c such that G has a nonrepetitive
L-colouring for every c-list assignment L of G. Alon, Grytczuk, Hałuszczak, and
Riordan [1] proved that π(G) 6 O(∆2) for every graph with maximum degree ∆,
and that this bound is tight up to a O(log∆) factor. The proof shows the same
bound for πch. Several authors subsequently improved the constant in the O(∆
2)
term: to 36∆2 by Grytczuk [19], to 16∆2 by Grytczuk [18], to (12.2 + o(1))∆2 by
Haranta and Jendro ’l [20], and to 10.4∆2 by Kolipaka, Szegedy, and Xu [24]. All
these proofs used the Lovász Local Lemma. Dujmović, Joret, Kozik, and Wood [8]
improved the constant to 1, by showing that for every graph G with maximum degree
∆,
π(G) 6 ∆2 +O(∆5/3). (7)
The proof of Dujmović et al. [8] uses entropy compression; see [13, 17] for refinements
and simplifications to the method. Equation (7) was subsequently proved using the
Local Cut Lemma of Bernshteyn [4] and using cluster-expansion [2, 5]. Most recently,
Rosenfeld [32] proved (7) with exponentially many colourings. His paper inspired
the present work. We now show that the result of Rosenfeld follows from our general
framework. Note that all of the above results hold in the setting of choosability.
Theorem 6. For every graph G with maximum degree ∆, if
β := (1 + 21/3∆−1/3)(∆− 1)2 and c := ⌈β + 2−2/3∆5/3(1 + 21/3∆−1/3)2⌉,
then G is nonrepetitively c-choosable. Moreover, for every c-list assignment L of G
there are at least β|V (G)| nonrepetitive L-colourings of G.
Proof. Let G′ be the hypergraph with V (G′) = V (G), where there is an edge V (P )
for each path P in G of even order. Here we consider a path to be a subgraph
of G, so that a path and its reverse contribute one edge to G′. For each edge e
of G′ corresponding to a path P in G of order 2t, let Be be the set of colourings
φ : V (G) → Z such that P is repetitively coloured by φ. Thus G is nonrepetitively
L-colourable if and only if P (G′,B, L) > 1.
Consider an edge e of G′ corresponding to a path P in G on 2t vertices. For each
vertex v in P , any colouring φ ∈ Be is uniquely determined by φ restricted to the t
vertices in the half of P not containing v. Hence (v, e) has weight t−1. Every vertex
of G is in at most t∆(∆ − 1)2t−2 paths on 2t vertices. So Et−1(v) 6 t∆(∆− 1)2t−2.
Equation (1) requires
c > β +
∑
t>1
t∆(∆− 1)2t−2 β1−t.
Define β := (1 + ǫ)(∆ − 1)2 where ǫ > 0 is defined shortly. Equation (1) requires
c > (1 + ǫ)(∆ − 1)2 +∆
∑
t>1
t (1 + ǫ)−t+1 = (1 + ǫ)(∆ − 1)2 + ǫ−2(1 + ǫ)2∆.
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Define ǫ := 21/3∆−1/3 (to approximately minimise (1 + ǫ)(∆ − 1)2 + ǫ−2(1 + ǫ)2∆).
Then (1) holds with c defined above, and the result follows from Theorem 3.
3.4 Frugal Colouring
For an integer k > 1, a colouring φ of a graph G is k-frugal if φ is proper and∣∣{w ∈ NG(v) : φ(w) = i}∣∣ 6 k for every vertex v of G and for every colour i, where
NG(v) is the set of neighbours of v in G. Hind, Molloy, and Reed [22] proved that
for each integer k > 1 and sufficiently large ∆, every graph with maximum degree
∆ has a k-frugal colouring with max{(k + 1)∆, e3k ∆1+1/k} colours. An example due
to Alon shows that this upper bound is within a constant factor of optimal [22]. In
particular, for all ∆ > k > 1, Alon constructed a graph with maximum degree at
most ∆ that has no k-frugal colouring with 12k∆
1+1/k colours. Here we improve the
constant in the upper bound without assuming that ∆ is sufficiently large, and with
exponentially many colourings. This proof requires introverted pairs.
Theorem 7. For all integers ∆ > k > 1, let
β :=
(
∆k+1
(k − 1)!
)1/k
and c :=
⌈
(k + 1)2β
k2 + k − 1 +
(k2 + k)∆
k2 + k − 1
⌉
.
Then every graph G with maximum degree ∆ has a k-frugal c-colouring. Moreover,
for every c-list-assignment L of G, the number of k-frugal L-colourings of G is at
least β|V (G)|.
Proof. A 1-frugal colouring of G corresponds to a proper colouring of G2, which has
maximum degree at most ∆2, and the result is trivial (for example it follows from
the discussion of the r = 2 case in Section 3.1). Now assume that k > 2.
Let G′ be the hypergraph with V (G′) = V (G), where every edge of G is an edge
of G′, and {v,w1, . . . , wk+1} is an edge of G′ for every vertex v of G and set
{w1, . . . , wk+1} ⊆ NG(v). In the latter case, we say the edge is centred at v. For
every edge e = {v,w} of G′, let Be := {φ ∈ Ce : φ(v) = φ(w)}. For every edge
e = {v,w1, . . . , wk+1} of G′, let Be := {φ ∈ Ce : φ(w1) = φ(w2) = · · · = φ(wk+1)}.
Then a colouring of G is k-frugal if and only if it is B-good.
For each edge e = {v,w} of G′, both (v, e) and (w, e) are extroverted with weight
0. Consider an edge e = {v,w1, . . . , wk+1} of G′ centred at v. Every colouring
φ ∈ Be is determined by Sj := {v,wj} for any j ∈ {1, . . . , k + 1}. Thus, for each
i ∈ {1, . . . , k + 1}, the pair (wi, e) is extroverted with weight k − 1 (by considering
Sj with j 6= i). However, the pair (v, e) is introverted, since for any colouring in Be,
the colour of v cannot be determined by the colours on e \ {v}. The pair (v, e) has
weight k (by considering S1 say).
Consider a vertex v of G. Then E0(v) 6 ∆ and I0(v) = 0. Now consider a pair
(v, e) with non-zero weight. If (v, e) is extroverted, then (v, e) has weight k − 1, and
e = {u,w1, . . . , wk, v} for some vertex u and vertices w1, . . . , wk ⊆ NG(u)\{v}. There
are at most∆ choices for u and at most
(∆−1
k
)
choices for w1, . . . , wk. Thus Ek−1(v) 6
∆
(∆−1
k
)
. If (v, e) is introverted, then (v, e) has weight k, and e = {v,w1, . . . , wk+1}
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for some vertices w1, . . . , wk+1 ⊆ NG(v). Thus Ik(v) 6
(
∆
k+1
)
. Hence
β +
∑
i>0
(
Ei(v)β
−i + Ii(v) c β
−i
)
6 β +∆+∆
(
∆− 1
k
)
β1−k +
(
∆
k + 1
)
c β−k
6 β +∆+
β∆k+1
k!βk
+
c∆k+1
(k + 1)!βk
= β +∆+
β
k
+
c
(k + 1)k
6 c.
The result follows from Theorem 3.
Theorem 7 implies the following simpler but slightly weaker results.
Corollary 8. For every ⌈ 4k∆1+1/k +2∆⌉-list-assignment L of a graph G with maxi-
mum degree ∆, the number of k-frugal L-colourings of G is at least β|V (G)|.
Corollary 9. As ∆ > k →∞, for every ⌈(e+ o(1))∆1+1/k/k⌉-list-assignment L of
a graph G with maximum degree ∆, the number of k-frugal L-colourings of G is at
least β|V (G)|.
Note that Alon’s example in [22] shows that Corollary 9 is within a factor of 2e+o(1)
of optimal.
3.5 Ramsey Numbers
Let Rc(k) be the minimum integer n such that every edge c-colouring of Kn contains
a monochromatic Kk. Ramsey [29] and Erdős and Szekeres [11] independently proved
that Rc(k) exists. The best asymptotic lower bound on R2(k) is due to Spencer [33,
34] who proved that
R2(k) >
(√
2
e
− o(1)
)
k2k/2. (8)
More precisely, Spencer [33, 34] proved that if
e
(
k
2
)((
n− 2
k − 2
)
+ 1
)
< 2(
k
2)−1, (9)
then there exists an edge 2-colouring of Kn with no monochromatic Kk, implying
R2(k) > n. Theorem 3 leads to the following analogous result with the same asymp-
totics, but with slightly better lower order terms.
Theorem 10. For every integer k > 3 and c > 2, if m :=
(k
2
)− 1 and
mm
(m− 1)m−1
(
n− 2
k − 2
)
6 c(
k
2)−1
then there exists an edge c-colouring of Kn with no monochromatic Kk, and Rc(k) >
n. Moreover, there exists at least((
n− 2
k − 2
)((
k
2
)
− 2
))(n2)/((k2)−1)
such colourings.
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Since m
m
(m−1)m−1
< em = e(
(
k
2
)− 1), Theorem 10 is slightly stronger than (9). While
this improvement only changes the implicit lower order term in (8), we consider it to
be of interest, since the theorem gives exponentially many colourings and it suggests
a new approach for proving lower bounds on Rc(k).
Proof. Let G be the hypergraph with V (G) = E(Kn), where S ⊆ E(Kn) is an edge
of G whenever S is the edge-set of a Kk subgraph in Kn. For each edge vw of Kn,
let L(vw) := {1, . . . , c}. For each edge S of G, let BS be the set of monochromatic
L-colourings of S. Thus B-good L-colourings correspond to edge c-colourings of Kn
with no monochromatic Kk. Each pair (v, e) is extroverted with weight
(
k
2
)− 2, and
E(k2)−2
(v) =
(n−2
k−2
)
. Thus (1) holds if
c > β +
(
n−2
k−2
)
β2−(
k
2). (10)
To minimise the right-hand side of this expression, define
β :=
((
n−2
k−2
) ((
k
2
)− 2))1/((k2)−1)
It follows from the assumption in the theorem that (10) holds. The result then
follows from Theorem 3.
3.6 k-SAT
The k-SAT problem takes as input a Boolean formula ψ in conjunctive normal form,
where each clause has exactly k distinct literals, and asks whether there is a satisfying
truth assignment for ψ. The Lovász Local Lemma proves that if each variable is in
at most 2
k
ke clauses, then there exists a satisfying truth assignment; see [15] for a
thorough discussion of this topic. The following result (slightly) improves upon this
bound (since
(
k−1
k
)k−1
> 1e ), and moreover, guarantees exponentially many truth
assignments.
Theorem 11. Let ψ be a Boolean formula in conjunctive normal form, with variables
v1, . . . , vn and clauses c1, . . . , cm, each with exactly k literals. Assume that each
variable is in at most ∆ := 2
k
k
(
k−1
k
)k−1
clauses. Then there exists a satisfying truth
assignment for ψ. In fact, there are at least (2− 2k )n such truth assignments.
Proof. Let G be the hypergraph with V (G) = {v1, . . . , vn} and E(G) = {e1, . . . , em},
where edge ei consists of those variables in clause ci. So G is k-uniform. Let L(vi) =
{0, 1} for each vertex vi. Let Bei be the set of L-colourings of G such that ci is not
satisfied. Satisfying truth assignments for ψ correspond to B-good L-colourings of G.
Each pair (v, e) is extroverted with weight k − 1. Thus Ek−1(v) 6 ∆ and Ei(v) = 0
for all i 6= k− 1. Then (1) holds with β := 2− 2k and c := 2. The result follows from
Theorem 3.
Note that Gebauer, Szabó, and Tardos [16] proved that if each variable is in at most
(1− o(1))2k+1ke clauses, then there exists a satisfying truth assignment, and that this
bound is best possible up to the o(1) term. This result improves upon the bound
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in Theorem 11 by a factor of 2. However, Theorem 11 may still be of interest since
it gives exponentially many satisfying assignments and is an immediate corollary of
our general framework.
See [7] for bounds on the number of of satisfying truth assignments in random k-SAT
formulas.
4 Reflection
Theorem 3 provides a general framework for colouring hypergraphs of bounded de-
gree. Compared with the Lovász Local Lemma, it has the advantage of proving the
existence of exponentially many colourings, and often gives slightly better bounds.
The proof of Theorem 3 is elementary, and Equation (1) is typically easier to opti-
mise than the General Lovász Local Lemma. Theorem 3 should also be compared
with entropy compression, which is a method that arose from the algorithmic proof
of the Lovász Local Lemma due to Moser and Tardos [26]. While we expect that the
results in Section 3 can be proved using entropy compression, we consider the proofs
based on Theorem 3 to be simpler than their entropy compression counterparts,
which require non-trivial techniques from enumerative combinatorics. On the other
hand, entropy compression has the advantage that it provides an explicit algorithm
to compute the desired colouring, often with polynomial expected time complexity.
Finally, we mention a technical advantage of the Lovász Local Lemma and of entropy
compression. In the setting of hypergraph colouring, the Lovász Local Lemma and
entropy compression need only bound the number of edges that intersect a given
edge, whereas Theorem 3 requires a bound on the number of edges that contain a
given vertex (because the proof is by induction on the number of vertices).
References
[1] Noga Alon, Jarosław Grytczuk, Mariusz Hałuszczak, and Oliver
Riordan. Nonrepetitive colorings of graphs. Random Structures Algorithms,
21(3–4):336–346, 2002. doi: 10.1002/rsa.10057. MR: 1945373.
[2] Manuel Francesco Aprile. Constructive Aspects of Lovász Local Lemma
and Applications to Graph Colouring. Master’s thesis, University of Oxford,
2014.
[3] Anton Bernshteyn. The local action lemma. 2014. arXiv: 1410.1591.
[4] Anton Bernshteyn. The local cut lemma. European J. Combin., 63:95–114,
2017. doi: 10.1016/j.ejc.2017.03.005.
[5] Rodrigo Bissacot, Roberto Fernández, Aldo Procacci, and
Benedetto Scoppola. An improvement of the Lovász local lemma
via cluster expansion. Combin. Probab. Comput., 20(5):709–719, 2011.
doi: 10.1017/S0963548311000253.
[6] Francine Blanchet-Sadri and Brent Woodhouse. Strict
bounds for pattern avoidance. Theoret. Comput. Sci., 506:17–28, 2013.
doi: 10.1016/j.tcs.2013.08.010.
10
[7] Amin Coja-Oghlan and Nick Wormald. The number of satisfying assign-
ments of random regular k-SAT formulas. Combin. Probab. Comput., 27(4):496–
530, 2018. doi: 10.1017/S0963548318000263.
[8] Vida Dujmović, Gwenaël Joret, Jakub Kozik, and David R. Wood.
Nonrepetitive colouring via entropy compression. Combinatorica, 36(6):661–686,
2016. doi: 10.1007/s00493-015-3070-6.
[9] Zdene˘k Dvořák and Jean-Sébastien Sereni. Do triangle-free planar
graphs have exponentially many 3-colorings? Electron. J. Combin., 24:3.47,
2017. doi: 10.37236/6736.
[10] Zdeněk Dvořák, Bojan Mohar, and Robert Šámal. Exponentially many
nowhere-zero Z3-, Z4-, and Z6-flows. Combinatorica, 39(6):1237–1253, 2019.
doi: 10.1007/s00493-019-3882-x.
[11] Paul Erdős and George Szekeres. A combinatorial
problem in geometry. Compositio Math., 2:463–470, 1935.
http://www.numdam.org/item?id=CM_1935__2__463_0.
[12] Paul Erdős and László Lovász. Problems and results on 3-chromatic
hypergraphs and some related questions. In Infinite and Finite Sets, vol. 10
of Colloq. Math. Soc. János Bolyai, pp. 609–627. North-Holland, 1975.
https://www.renyi.hu/~p_erdos/1975-34.pdf. MR: 0382050.
[13] Louis Esperet and Aline Parreau. Acyclic edge-coloring us-
ing entropy compression. European J. Combin., 34(6):1019–1027, 2013.
doi: 10.1016/j.ejc.2013.02.007.
[14] Guillaume Fertin, André Raspaud, and Bruce Reed. Star color-
ing of graphs. J. Graph Theory, 47(3):163–182, 2004. doi: 10.1002/jgt.20029.
MR: 2089462.
[15] Heidi Gebauer, Robin A. Moser, Dominik Scheder, and Emo Welzl.
The lovász local lemma and satisfiability. In Susanne Albers, Helmut
Alt, and Stefan Näher, eds., Efficient Algorithms, Essays Dedicated to Kurt
Mehlhorn on the Occasion of his 60th Birthday, vol. 5760 of Lecture Notes in
Computer Science, pp. 30–54. Springer, 2009. doi: 10.1007/978-3-642-03456-5_3.
[16] Heidi Gebauer, Tibor Szabó, and Gábor Tardos. The local lemma is
asymptotically tight for SAT. J. ACM, 63(5):43, 2016. doi: 10.1145/2975386.
[17] Daniel Gonçalves, Mickaël Montassier, and Alexandre Pinlou. En-
tropy compression method applied to graph colorings, 2014. arXiv: 1406.4380.
[18] Jarosław Grytczuk. Nonrepetitive colorings of graphs—a survey. Int. J.
Math. Math. Sci., 74639, 2007. doi: 10.1155/2007/74639. MR: 2272338.
[19] Jarosław Grytczuk. Nonrepetitive graph coloring. In Graph Theory in Paris,
Trends in Mathematics, pp. 209–218. Birkhauser, 2007.
[20] Jochen Haranta and Stanislav Jendro ’l. Nonrepetitive vertex colorings
of graphs. Discrete Math., 312(2):374–380, 2012. doi: 10.1016/j.disc.2011.09.027.
MR: 2852595.
[21] Ararat Harutyunyan. Brook-Type Results for Coloring of Digraphs. Ph.D.
thesis, Simon Fraser University, 2011.
[22] Hugh Hind, Michael Molloy, and Bruce Reed. Colouring a graph
frugally. Combinatorica, 17(4):469–482, 1997. doi: 10.1007/BF01195001.
11
MR: 1645682.
[23] Tom Kelly and Luke Postle. Exponentially many 4-list colorings of
triangle-free graphs on surfaces. J. Graph Theory, 87(2):230–238, 2018.
doi: 10.1002/jgt.22153.
[24] Kashyap Kolipaka, Mario Szegedy, and Yixin Xu. A sharper
local lemma with improved applications. In Approximation, Ran-
domization, and Combinatorial Optimization. Algorithms and Techniques,
vol. 7408 of Lecture Notes in Computer Science, pp. 603–614. 2012.
http://www.springerlink.com/content/411621u1n0617681/.
[25] Michael Molloy and Bruce Reed. Graph colouring and the probabilistic
method, vol. 23 of Algorithms and Combinatorics. Springer, 2002.
[26] Robin A. Moser and Gábor Tardos. A constructive proof of the general
Lovász local lemma. J. ACM, 57(2), 2010. doi: 10.1145/1667053.1667060.
[27] Pascal Ochem. Doubled patterns are 3-avoidable. Electron. J. Combin.,
23:P1.19, 2016. doi: 10.37236/5618.
[28] Narad Rampersad. Further applications of a power series method for pattern
avoidance. Electron. J. Combin., 18(1):P134, 2011. doi: 10.37236/621.
[29] Frank P. Ramsey. On a problem of formal logic. Proc. London Math. Soc.,
30(1):264–286, 1930. doi: 10.1112/plms/s2-30.1.264. MR: 1576401.
[30] Felicia Rassmann. On the number of solutions in random hypergraph 2-
colouring. Electron. J. Combin., 24:P3.11, 2017. doi: 10.37236/6029.
[31] Felicia Rassmann. On the number of solutions in random
graph k-colouring. Combin. Probab. Comput., 28(1):130–158, 2019.
doi: 10.1017/S0963548318000251.
[32] Matthieu Rosenfeld. Another approach to non-repetitive colorings of graphs
of bounded degree. 2020. arXiv: 2006.09094.
[33] Joel Spencer. Ramsey’s theorem—a new lower bound. J. Combinatorial
Theory Ser. A, 18:108–115, 1975. doi: 10.1016/0097-3165(75)90071-0.
[34] Joel Spencer. Asymptotic lower bounds for Ramsey functions. Discrete Math.,
20(1):69–76, 1977/78. doi: 10.1016/0012-365X(77)90044-9.
[35] Carsten Thomassen. Exponentially many 5-list-colorings of planar graphs.
J. Combin. Theory Ser. B, 97(4):571–583, 2007. doi: 10.1016/j.jctb.2006.09.002.
[36] Carsten Thomassen. Many 3-colorings of triangle-free planar graphs. J.
Combin. Theory Ser. B, 97(3):334–349, 2007. doi: 10.1016/j.jctb.2006.06.005.
12
